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The simplest model problem

FindueV =H}Q)s t —Au=f. Thatis:

/Vu-Vde:/fde VveV.

9) Q

where Q is, say, a polygon in R? and f € [%(Q) is given.
For N € N we would like to construct an N x N
nonsingular matrix Ay and a vector Fy € R" such that
the solution Uy € R" of the linear system

—Any Uy = Fy

is an approximation (in a sense to be made precise!) of
the exact solution u (better and better as N grows).
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Two big classes of methods

Very roughly, the (zillions of ) methods available on the
market can be split in two categories:

o Every N-ple Vyy € RV is uniquely associated to a
function vy(x,y) € Hy(€), and up (corresponding to
the discrete solution Uy € R") is an approximation of
the exact solution u. (FEM, Spectral Methods, RBF,
XFEM, etc. Now also VEM)

o We have a linear functional y, from C°(Q) N H}(Q)
into RY (e.g. point values), and we require that

|Un — x,(u)|| — O in some suitable norm. (FD, FV,
MFD, Cochains, etc.)
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Example: piecewise linear FEM

Given a triangulation T, of £, with N internal nodes, we
set V), = continuous piecewise linear functions vanishing
on 02, and we look for u, in V), such that

/Vuh-Vvth:/fvth Vv, € V.
Q Q

Here Uy = values of uy, at the nodes.

Note: the final matrix is usually computed as the sum of
the contributions of the single elements:

Ai,jE/ij-VvidQ: Z/va-Vv"dE.
Q Fer. JE
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Generalities on Classic FEM

More generally, in FEM the degrees of freedom are used
to reconstruct polynomials (or isoparametric images of
polynomials) in each element.

Ingredients:

o the geometry of the element (e.g.: triangles)

o the degrees of freedom; say, n d.o.f. per element

e in each element, a space of polynomials of dim. n.
The ingredients must match

o Unisolvence n numbers <+ one and only one
polynomial

o Continuity
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For a decomposition in more general sub-polygons, FEM
face considerable difficulties. With VEM, instead, you can
take a decomposition like

having four elements with 8
respectively.

14, and 41 nodes,
«O> «F>r «=» «E» Q>
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Typical functional spaces (in 3 dimensions)

Let €2 be a Lipschitz continuous polyhedral domain. The
following spaces are the most common bricks used to

deal with PDEs.

[2(2) and (L?(£2))3, that we assume to be known.
H(div; Q) := {1 € (L3(Q))3 s.t. divT €L?(Q)}

H(curl; Q) := {p € (L3(Q))? s.t. curlp € (L*(Q))*}
H(grad; Q) := {v € [3(Q) s.t. grad v € (L*())3}} = H'(Q)
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Strong formulation of Darcy’s law

e p = pressure
o u = velocities (volumetric flow per unit area)
o f = source

o K = material-depending (full) tensor

o u = —KVp (Constitutive Equation)

o divu = f (Conservation Equation)

—div(KVp) = f in Q,
p=20 on 0f, for simplicity.
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Variational formulation - Primal

We consider, as usual, the bilinear form
a(p, q) ::/KVp'qux
Q

and we formulate the problem as: find p € H}(Q) such
that:

a(p, q) :Z/qudx Vg € Hy(Q).
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Variational formulation - Mixed

The problem can also be written as: find p € L?(Q2) and
u € H(div; Q) such that

/Klu-vdV = / pdivedV Vv € H(div; Q)
Q Q
and

/divuqu:/ fqgdV  Vqe l*Q).
Q Q
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Strong formulation of Magnetostatic problem

e j = divergence free current density

e /& = magnetic permeability

e u = vector potential with the gauge divu =0
e B = curlu = magnetic induction

o H= 1B = p tcurlu =magnetic field
ecurlH=j

The classical magnetostatic equations become now
curl u tcurlu =jin Q,

uxn=0on 0.
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Variational formulation of the magnetostatic problem

Variational formulation of the magnetostatic problem:

Find u € Hy(curl, Q) and p € Hy () such that :
(¢ teurlu, curlv) — (Vp,v) = (j,v) Vv € Ho(curl; Q)
(u,Vq)=0 Vge H(Q).
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Continuity requirements

For a piecewise smooth vector valued function, at the
common boundary between two elements,

in order to belong to you need to match
(L2(Q))¢ nothing
H(div; ) normal component
H(curl; Q) tangential components
H(grad; Q) all the components
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Polynomial spaces

The following polynomial spaces are typically used,

element by element, in order to approximate the above
spaces:

Py := {constants} (1d.o.f.)
RTo:={T=a+cx} withacR*>and c € R (4d.0.f.)

No:={p=a+cAx}withacRandcecR’(6d.0.f.)
Pi:={v=a+c-x} withacRandcc R’ (4d.0.f.)
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Finite Element Spaces in 3 dimensions

Let 7, be a decomposition of 2 in tetrahedra. We
consider the following finite element approximations.

[*(Q) ~ {q € [*(Q) such that ;7 € Py VT € Tp}

H(div; Q) ~ {7 € H(div; Q) s.t. 7)7 € RTy VT € Ty}
H(curl; Q) ~ {¢ € H(curl; Q) st. o7 € Ny VT € Tp}
H(grad; Q) ~ {v € H(grad; Q) s.t. vir €’y VT € Ty}
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Loss of beauty of FEM

Polynomial spaces for edge elements of degree k on cubes

span{yz(w(x, z) — ws(x, y)),
zx(ws(x,y) — wi(y, 2)),
xy(wi(y,z) — wa(x,2))}
+ (Px)® + grad s(x, y, 2)
where each w; (i = 1,2, 3) ranges over all polynomials

(of 2 variables) of degree < k and s ranges over all
polynomials of superlinear degree < k + 1.

N.B. Superlinear degree: "ordinary degree ignoring
variables that appear linearly”
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What do we have have in mind

We want to use decompositions in polygons or polyhedra.

As for other methods on polyhedral elements, we will
accept the trial and test functions inside each element to
be rather complicated (e.g. solutions of suitable PDE's or
systems of PDE'’s).

Contrary to other methods on polyhedral elements,

o we will not require the approximate evaluation of trial
and test functions at the integration points.

o If possible, we would like to satisfy the patch test.
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Guidelines for constructing a discretization

We consider a continuous problem; for instance
Find u € V = H}(Q) such that

a(u,v)E/Vu-Vde:/fde VvevV,
Q Q

and we want to construct a discretized version: Find
up € V), such that

ah(uh, Vh) = (fh , Vh) Yv,e V,C V.

Hence we look for sufficient conditions on a, and V), that

ensure all the good properties that you would have with
standard Finite Elements.
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The two basic properties

H1 VE 3 a set of polynomials Pg C V)5 = Vi e such that

H2 3Ja* a.>0suchthat VE, Vv e VF:

Under Assumptions H1 and H2 the discrete problem has
a unique solution uy, and: Yu; € V), Vu, € [ Pe

1h+||f — fh||v,;>

with C independent of h. And we have the Patch Test...

lu = unlls < € (llw = wll + flu = ur

o ) = = = vae
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How to satisfy H1 and H2

We assume that we know how to compute af(u, v)

whenever one of the two entries is a polynomial in Pg.
Hence, for every element E and for every v € VhE we can
compute its projection [1°v € Pg defined by

af(v — N4, q) = 0Vq € Pg, and mrz(v — M?v) = 0.
where K? is the kernel of at. Note that M%p = p for all p
in Pe. Then we set, for all v and v in VhE
af (u,v) := af(M2u,N2) + S(u — N%u, v — Nv)

where the stabilizing bilinear form S is (for instance) the
Euclidean inner product in R” (where n is the dimension
of VE).
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Structure of the Local Matrix in a different basis

Polynomials  Others

a=4q, a=q,

a:an \v4

n=p>—Q V——305<—0T
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The main features of VEM

The main features of VEM's are:
As for other methods on polyhedral elements, the trial and
test functions inside each element are rather complicated
(e.g. solutions of suitable PDE’s or systems of PDE’s).
Contrary to other methods on polyhedral elements,
e they do not require the approximate evaluation of
trial and test functions at the integration points.
o In most cases they satisfy the patch test exactly (up
to the computer accuracy).
Moreover:

o We have now a full family of spaces (for the
approximation of the main functional spaces)
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Example: Laplace operator in 2d

We take, for every integer k > 1
VE = {v| vie € P(e)V edge e and Av € P, »(E)}
It is easy to see that the local space will contain all P.
As degrees of freedom we take:
i) the values of v at the vertices,
ii) the moments fe v px_ode on each edge,
iii) the moments [ v py_odE inside.
It is easy to see that these d.o.f. are unisolvent.
Then for every v € V£ and for every p, € P

af(p,v) = [ V- VvdE = [, Pevdl — [ovApdE
and we see that the contribution is computable .
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The general philosophy

In every element, to define the trial /test function v you
start from the boundary degrees of freedom, and use a 1D
edge-by edge reconstruction to define the function on the
whole boundary. Then you show existence and uniqueness
of the reconstruction inside, using the internal moments.

On the other hand, to compute the local stiffness matrix,
you use the boundary values and the internal moments to
compute af(v, py) for all polynomials ps. Then you

compute the operator [1? and use it to compute a,';::
at(u,v) = af (M2, N?v) + S(u — N?u,v — N4v) .
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The L?-projection

A fantastic trick (sometimes called The Three Card
Monte trick), allows the exact computation of the
moments of order k — 1 and k of every v € Vf.

This is very useful for dealing with the 3D case.
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Approximations of H*(2) in 3D

For a given integer k > 1, and for every element E, we set
Vi = {v € HY(E)| v € P(e)V edge e,
vir € V/V face f, and Av € P, »(E) }
with the degrees of freedom:
i) values of v at the vertices,
ii) moments [ v px_>(e) on each edge e,
iii) moments [, v px_o (f) on each face f, and
iv) moments [, v px_»(E) on E.
Ex: for k = 3 the number of degrees of freedom would
be: the number of vertices, plus 2x the number of edges,

3x the number of faces, plus 4. On a cube this makes
8 4+ 24 + 18 + 4 = 54 against 64 for Q3.
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Use of the degrees of freedom in 3d

For every v € VF and for every polynomial py of degree k
af(p,v) = [ Vi - VvdE = [, %vdS — [ v ApcdE

— Z/apk df—/vApkdE

feOE
The term [, v Ap, dE is easy. Indeed we have that
Apy, € P,_5 allowing a direct use of the degrees of
freedom of v. On the contrary, on each face f we have
that % is in P,_; and we need the Three Card Monte
trick to upgrade the moments on f from k —2to k — 1
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VEM approximations of H(div; )

In each element E, and for each integer k, we define
Bi(OE) := {g| gle € PV edge e € OE} in 2d
Bk(OE) := {g| gr € P« V face f € OE} in 3d

Vi(E) = {7|7 -n € By(OE),divr € Py_q,rotT € Py _1}
and in 3 dimensions

V(E) = {7|Tn € B((0E),divr € P,_y, curlT € (P,_1)*}
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Degrees of freedom in Vi (E) in 2d

° /’T -n gxde Vaqr € Pi(e) V edge e
° /ET -gradq,_1dE Var_1 € Pr_q
o/ET-gﬁdE ngegf
where G is the subset of the g € (P«(E))? such that

[ & gradac.d€ =0 ¥quun € Prus(E)
E
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Degrees of freedom in V(E) in 3d

° /T-nqkdf Vak € Pe(f) V face f
f

° /T . graqu_ldE qu_l ePrq
E

~/T-gidE Vel € Gl
E

where G is the subset of the g € (P«(E))? such that

[ & gradac.d€ =0 ¥quun € Prus(E)
E
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VEM approximations of H(rot; ) in 2d

In each element E, and for each integer k, we recall
Br(OE) := {g| ge € PxV edge e € OE} in 2d
Then we set

Vi(E) = {®|e -t € By(IE),divp € Py, 10t € Py}
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Degrees of freedom in V/((E) in 2d

° /go -t gide Vaqi € Pr(e) V edge e
° /E‘P -rotg,_1dE Vak-1 € Py
° /Ego.rﬁdE Ve € Ry
where R is the subset of the r € (Px(E))3 such that

/ r-rotq1dE =0 Vaii1 € Piya(E)
E
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VEM approximations of H(curl; (2) in 3d

In each element E, and for each integer k, we set

Br(OE) := {¢| @) € Vi(f)V face f € OE and
@ - te is single valued at each edge e € OE}

Then we set

V(E) = {¢| such that ¢ -t € B,(0E),
dive € Py_1, curleurlp € (P_;)%}
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Degrees of freedom in V(E) in 3d

o for every edge e /cp -tgrde Vgi € Pi(e)

e
o for every face f

/cp -rotqgy_1df Vak_1 € Pr_1(f)
f‘
/go credf Ve € Ri(f)
f
e and inside E
/ - curlg,_1dE Vai-1 € (Px-1(E))’
E
/cp r dE Vry € Ri(E)
E
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A very useful property

We observe that the classical differential operators grad,
curl, and div send these VEM spaces one into the other

(up to the obvious adjustments for the polynomial
degree). Indeed:

grad(VEM, nodal) C VEM, edge

curl(VEM, edge) C VEM, face
div(VEM, face) C VEM, volume
where

VEM, volume = piecewise polynomials, discontinuous.
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The crucial feature

The crucial feature common to all these choices is the
possibility to construct (starting from the degrees of
freedom, and without solving approximate problems in the
element) a symmetric bilinear form [u, v], such that, on
each element E, we have

[Pi,v]E = / pi-vdE Vpi € (P«(E))?, Vv in the VEM space
E

and da* > a, > 0 independent of h such that

Oz*HVH%g(E) < [v,v]E < Oé*HVH%Q(E), Vv in the VEM space
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The crucial feature - 2

In other words: In each VEM space (nodal, edge, face,
volume) we have a corresponding inner product

[ ’ }VEM.nodaﬂ [ ’ }VEM,edge’ [ ’ }VEM,face’ [ ’ }VEM,vo/ume

that reproduces exactly the L? inner product whenever at
least one of the two entries is a polynomial of degree < k.
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Approximation of Darcy - Primal

Remember that
a(p, q) ::/KVp-qux.
Q

Then we can formulate the approximate problem as:
find p, € VEM,nodal such that:

[Kgradpha gradqh] VEM edge — [f7 qh] VEM nodal

for all g, € VEM nodal.
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Approximation of Darcy - Mixed

The approximate mixed formulation can be written as:
find p, € VEM, volume and u, € VEM, face such that

[K™tun, Vil vem. face = [Phy AiVVA] VEM volume

for all v, € VEM, face, and

[divun, gn]vem volume = [f Gn]vEM. volume

for all g, € VEM, volume.
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Approximation of the magnetostatic problem

The VEM approximation of the magnetostatic problem
can be chosen as: Find u, € VEM, edges and
pn € VEM, nodal such that:

1
[~ curlup, curl vy vem face — [V Ph, Vi veEm edge
= [j7 Vh] VEM ,edge vVh i~ VEM, edge

[u, Vah]vEm edee =0 YV qn € VEM, nodal.
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Effects of distortion

To measure the effects of distortion of quadrilaterals, we

solve —Au + u =

f on the unit square, with increasingly

distorted grids. The exact solution is always

ue(x, y)

= sin(2x + 0.5) * cos(y + 0.3) + log(1 + xy).
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Distortion factors 0, 60, 80, 100. MESHES

b S Se: o B
. .
. )

-
i .
. )

Franco Brezzi ( IUSS &IMATI-CNR, Pavia) VEM Jeddah, April 28-th, 2014 46 / 74



Distortion factors 0, 60, 80, 100. SOLUTIONS
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Franco

Errors for various distortion factors

Starting from a uniform grid

Distortion

0%
50%
60%
70%
80%
90%
99%
100%

Brezzi ( 1USS &IMATI-CNR, Pavia)

Average h
7.0711e-02
7.1680e-02
7.2003e-02
7.2821e-02
7.4576e-02
7.6368e-02
7.8013e-02
7.8198e-02

VEM

Error in /2
1.0437e-07
1.6338e-06
2.0469e-06
2.5287e-06
3.1152e-06
3.8700e-06
4.7784e-06
4.8968e-06

Jeddah, April 28-th, 2014

48 / 74



Distortion factors 0, 60, 80, 100. MESHES

auad-0d
D a=1.860883€-02

0 01 0z 03 04 05 06 07 08 09 1

quad-80d
g0 28.056210€-02

/1 AN A\ gy
/A AWAS A SRy
W SRR
A o e P
%‘A.Q'Q’V%'ﬁ'

\ 7
g%‘a%ge‘%‘mm.

77

L
T AW W
SRR
EERTR S
JAY : ﬂﬁ%}@ <7

L L A
\NANAY
%‘%‘V
0 o1 0z 03 04 05 06 07 08 03 1

Franco Brezzi ( IUSS &IMATI-CNR, Pavia)

VEM

quad-60d
B, = 79367760-02

AR AWARL
N
EERH
VAV e v

0 01 02 03 04 05 06 07 08 09 1

quad-100d4
B oar 2272015002

"A'A'
WA AAH
P-0-0-6-—5
Vv
A AAXIDED
RS S =

0 01 02 03 04 05 06 07 08 09 1

Jeddah, April 28-th, 2014

49 / 74



y.
y
ik
,///////{,/(/0 ,/,"

/7?7}}/7%}//////;;;7

=
G
’i/{,,,("

7 Az
//)/ / [/ =

Z
G

Fiss

sy Ny
"y Ny
Ny q ”7;%%()/({ %

%
Ve

)()()7/’/’/’/////,/"'
Wil |y, )y

i

Franco Brezzi ( IUSS &IMATI-CNR, Pavia) VEM Jeddah, April 28-th, 2014 50 / 74



Franco

Errors for various distortion factors

Starting from a distorted grid

Distortion

0%
50%
60%
70%
80%
90%
99%
100%

Brezzi ( 1USS &IMATI-CNR, Pavia)

Average h
7.8609e-02
7.9075e-02
7.9388e-02
7.9858e-02
8.0562e-02
8.1537e-02
8.2599e-02
8.2729e-02

VEM

Error in /2
4.1678e-07
2.3726e-06
3.0113e-06
3.7681e-06
4.6884e-06
5.8525e-06
7.2161e-06
7.3908e-06
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Solution
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Voronoi Meshes
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Voronoi Meshes
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Solution
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More crazy meshes

512 polygons, 2849 vertices

ARl | NPT ER R v 8 [T
AN ZRER NS SN
LG 2|5 2B |10l fH R v 2 [P
PIR(QDIG 0 N A&7 RL | &%
& |D DR =T K Do QR
=R S S S A S A
G0 R [YR[BG e low QR[]
oz 7 bl AX DO E R
RS S ER R E R RN
YR H e [BDDa ol b <08
Ol0 Y| 2ao B0 OICR BP0
BV ¥ ik g [ B A o[ A 2139
SlalAR&[s A A D RSy [
OB W I a B D[ 3 [RIT %D
v NS 25 ¥ o] [ QK
SRR NS R RS

0.2 03 04 05 06 07 08 09

0.1

60 / 74

Jeddah, April 28-th, 2014

VEM

Franco Brezzi ( IUSS &IMATI-CNR, Pavia)



More crazy meshes

Note that the pink element is a polygon with 9 edges,

while the blue element is a polygon (not simply
connected) with 13 edges. We are exact on lin
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More crazy meshes

max ]u—uhl =0.008783
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For reasons of "glastnost”, we take as exact solution

w = x(x — 0.3)*(2 — y)?sin(27x) sin(27y) + sin(10xy)
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More crazy meshes

max |u—uh| =0.074424

This is on a mesh of 512 (16 x 16 little squares) elements.
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More crazy meshes

max |u—uh| =0.019380

w‘;%“\‘f‘m“%&
W
9

This is on a mesh of 2048 (32 x 32 little squares)

elements.
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More crazy meshes

max |u—uh| =0.005035

And this is on a mesh of 8192 (64 x 64 little squares)
elements. Note the O(h?) convergence in L.
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Exact and approximate solution

"l/ ‘\‘\\\\\\ Vil “n
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Exact solution (left): w = x?(1 — x)?y?(1 — y)? on the
unit square |0, 1[x]0, 1[. The approximate solution is
computed with the r =3, s = 2, k = 3 element on a grid
of uniform 32 x 32 square (BLUSH!) elements.
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1 polygons, 82 vertices
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4 polygons, 243 vertices

And possibly make a mesh out of it ?7.
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Going totally berserk 77

And solve PDE’s on a grid like this?

Come at tomorrow’s lecture, and see....
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Conclusions

e Virtual Elements are a new method, and a lot of work
is needed to assess their pros and cons.

o Their major interest is on polygonal and polyhedral
elements, but their use on distorted quads, hexa, and
the like, is also quite promising.

o For triangles and tetrahedra the interest seems to be
concentrated in higher order continuity (e.g. plates).

o The use of VEM mixed methods seems to be quite
interesting, in particular for their connections with
Finite Volumes and Mimetic Finite Differences.
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