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VEM vs. FEM in few words

@ Similarities:
same starting point, i.e., variational formulation of the given problem;
spaces of polynomials of a given degree are included.

o Differences:
grids made of polygons of arbitrary shape can be used;
easy to construct high-regularity approximations.
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Polygonal and polyhedral grids

There is a wide literature on Polygonal and Polyhedral Elements
e Rational Polynomials (Wachspress, 1975, 2010)

@ Voronoi tassellations (Sibson, 1980; Hiyoshi-Sugihara, 1999; Sukumar
et als, 2001)

@ Mean Value Coord. (Floater, 2003)

@ Metric Coord. (Malsch-Lin-Dasgupta, 2005)

e Maximum Entropy (Arroyo-Ortiz, 2006; Hormann-Sukumar, 2008)

@ Harmonic Coord. (Joshi et als 2007; Martin et als, 2008; Bishop
2013)
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Why Polygonal /Polyhedral Elements

There are several types of problems where Polygonal and Polyhedral
elements are used:

e Crack propagation and Fractured materials (e.g. T. Belytschko, N.
Sukumar)

Topology Optimization (e.g. O. Sigmund, G.H. Paulino)
Computer Graphics (e.g. M.S. Floater)
Fluid-Structure Interaction (e.g. W.A. Wall)

Complex Microstructures (e.g. N. Moes)

Two-phase flows (e.g. J. Chessa)
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@ Model problem - Reminders on Virtual Element Methods
© Model problem - Mixed FEM and VEM

© Numerical Results
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The continuous problem

Q C R? (polygonal) computational domain, f € L?(Q) source term
We look for p € H1() (pressure) solution of

—div(Kgradp) =f inQ (Kgradp) - n=0o0onT =902

K permeability tensor, symmetric and positive definite
(for simplicity, constant or piecewise constant).

Compatibility conditions and uniqueness:

/ fdQ2=0 and / pdQ =0.
Q JQ

Donatella Marini (Pavia) Mixed Virtual elements KAUST 2014

7/4



Continuous problem:
find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ @
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Continuous problem:
find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ @
(a(p,q) = [oKgradp-grad qdQ, (f,q)= [, fqdQ)
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Continuous problem:
find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ @

We need to define:
e Qp: afinite dimensional space (C Q for continuous VEM)
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Continuous problem:
find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ @

We need to define:
e Qp: a finite dimensional space (Px C QyC Q, k>1)
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Continuous problem:

find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ @
We need to define:

e Qp: a finite dimensional space (Px C QyC Q, k>1)
e a bilinear form ap(-,-): Qpx Qp — R

«O» «Fr «=)r «E)»

it
ut
N
¥l
2



Continuous problem:

find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ @
We need to define:

e Qp: a finite dimensional space (Px C QyC Q, k>1)
e a bilinear form ap(-,-): Qpx Qp — R

e an element f, € Q},
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Reminders on Virtual Elements

Continuous problem:

find p € Q := HY(Q) such that a(p,q) = (f,q) Vg€ Q
We need to define:

e Qp: a finite dimensional space (P C QnC Q, k >1)
e a bilinear form ap(-,-): Qnx Qp — R

e anelement f, € Q;

in such a way that the problem

find py € Qp such that ap(pn, qn) = (fh,gn)  Vgn € Qn

has a unique solution, and optimal error estimates hold.

Donatella Marini (Pavia) Mixed Virtual elements KAUST 2014

8/ 41



Tr a decomposition of Q2 into polygons E
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Th a decomposition of Q into polygons E




Th a decomposition of Q into polygons E
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Th a decomposition of Q into polygons E
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Reminders on continuous VEM-General Assumptions

We fix an integer k > 1 (our order of accuracy).
For all h, and for all E in Tp:
H1- Vp, € Py, Van € Qp

ay, (P, qn) = a“(pk,qn)  k — Consistency

H2- 3 two positive constants «, and o, independent of h and of E, such
that

Yan € Qn . a"(qn, qn) < a5 (qn, qn) < o a%(qn, qn)  Stability
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Convergence

Under these assumptions we have:
Theorem
The discrete problem: Find p, € Qp such that

an(pn, qn) = (fn, qn), Van € Qn

has a unique solution pp. Moreover, for every approximation p; of p in Qp
and for every approximation p, of p that is piecewise in Py, we have

lo = prlle < C(llo = pillo + lp = Prllne +IIf = fillor)

where C is a constant independent of h.
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—div(Kgradp) =f inQ, (Kgradp)-n=0o0n0Q. For k>1:
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Qn:={q € H(Q): g € Pi(e) Ve € Tp, div(Kgrad q) € Px_o(E) VE}
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Qn:={qc HY(Q): qie € Pi(e) Ve € Tp, div(Kgrad q) € Py o(E) VE}

Example: k =1
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Qn:={qc HY(Q): qie € Pi(e) Ve € Tp, div(Kgrad q) € Py o(E) VE}

Example: k =1

We look for ap(-,-) such that

an(pn: qn) = a(pn, qn) == /QKgrad pr - grad gpd<2
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Qn:={qc HY(Q): qie € Pi(e) Ve € Tp, div(Kgrad q) € Py o(E) VE}

Example: k =1

We look for ap(-,-) such that

an(pn: qn) = a(pn, qn) == /QKgrad pr - grad gpd<2

o (p1, q) = /E Kgradp; -grad dE = | Kgradp; - ngdi=: af (p1, q)

BE «O> «F>r A=) «=E)» El= QR



Qn:={q € H(Q): g € Pi(e) Ve € Tp, div(Kgrad q) € Px_o(E) VE}
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Qn:={qc HYQ): qie € Pi(e) Ve € Tp, div(Kgrad q) € Py o(E) VE}

Example: k =2
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Qn:={qc HYQ): qie € Pi(e) Ve € Tp, div(Kgrad q) € Py o(E) VE}

Example: k =2

We look for ap(-,-) such that

an(pn: qn) = a(pn, qn) == /QKgrad pr - grad gpd<2
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Qn:={qc HYQ): qie € Pi(e) Ve € Tp, div(Kgrad q) € Py o(E) VE}

).
e=— [ gdE
|E| Je

Example: k =2

We look for ap(-,-) such that

an(pn: qn) = a(pn, qn) == /QKgrad pr - grad gpd<2

a"(p2,q) = — /E div(K grad p2)qdE + Kgrad p2 - nqd(=: aj (P2, q)

«O> «F>r A=) «=E)» El= QR



aE(MY v, q) = af(v, q) Vq € Px(E)

Def: MY v € Pi(E
ef: Micv & Pu(E) { /nfme:/ vde
OE OE
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aE(NYv,q) = af(v,q) Vq € Pk(E)

/ Ny vdl = / vd/(
0E OE

I'va easily computable by the d.o.f. of v

Def: MY v € Px(E)
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aE(MY v, q) = af(v, q) Vq € Px(E)

/ Ny vdl = / vd/
0E OE

a(pn, qn) = a(My pp, Y qn) + a((I — 1Y )ps, (1 — 1Y )qn)

Def: MY v € Pi(E) {
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aE(MY v, q) = af(v, q) Vq € Px(E)

Def: MY v € Pi(E
f: Micv € Pu(E) { /I'I¥vd€=/ vd/
OE OE

a(pn, qn) = a(My pp, Y qn) + a((I — 1Y )ps, (1 — 1Y )qn)
Choose
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Def- MV P.(E aE(nyv’q):aE(V;Q) Vg € Px(E)
ef: NYv € Pr(E) / FIEvdé:/ »
OE 9E

a(pn, qn) = a(My pp, Y qn) + a((I — 1Y )ps, (1 — 1Y )qn)
Choose

with S(+,-) any symmetric bilinear form that scales like a(-, -):

c0a(qn, gn) < S(qn, an) < c1a(gn, gn) Vqn with N¥g, =0
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How to construct a globally computable ap(-, -)

Def: MY v € Py(E at(Myv,q) = a%(v, q) Vq € Pi(E)
: c - .
e Pa% k( ) / Hkvvdfz/ vd/l

oE OE

I_Ikvv easily computable by the d.o.f. of v

a(pn, qn) = a(MY pa, Y an) + a((! — T )ps, (1 = 1Y) qn)
Choose
an(pn, Gn) = a(TTy pa, MY qn) + S((1 = 1Y ), (1 = 1Y )qn)
with S(-, ) any symmetric bilinear form that scales like a(-,-):

c0a(qn, gn) < S(qn, qn) < c1a(qn, gn) Vqn with Mg, =0
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Back to the continuous problem

Q c R? (polygonal) computational domain, f € L?(2) source term
We look for p € H1(S2) (pressure) solution of

—div(Kgradp) =f in Q (Kgradp) -n=0onT =0Q

K permeability tensor, symmetric and positive definite
(for simplicity, constant or piecewise constant).

Compatibility conditions and uniqueness:

/ fdQ2=0 and / pdQ =0.
Q JQ
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u = —Kgradp, divu = £ in Q, u-n=0onT.

spaces: V= {ve H(div;Q)st.v.-n=0o0nT}, Q:=L%Q)/R,
orms: vl = [ a2+ [ divePan, gl = [ laPde,
Q Q Q

bilinear forms:

a(u,v) = / K lu-vdQ b(v,q) := / divv gdQ
Q Q
Find (u, p) € V x Q such that:

{a(u,v)—b(v,p):O VveV,
b(u, q) = (f,q) Vg e Q.
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RTy family on triangular grids:

k>0: Qn:i={qel?(Q): qe € P(E)VE € Tp}
Vi = {v € H(div,Q) : v = [Pk(E)]* ® xPx VE € Tp}
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RTy family on triangular grids:
k>0: Qn:i={qel?(Q): qe € P(E)VE € Tp}
Vi = {v € H(div,Q) : v = [Pk(E)]* ® xPx VE € Tp}
d.o.f. in Vj:

o/v-nqdf Vq € Py(e) V edge e in T,
e
o/v-qu VaePea(E)? VEET
E
«O> «F>r A=) «=E)» El= QR



BDM;, family on triangular grids:

k>1: Qn:={qe*(Q): qr € Pw1(E)VE € Tn}
Vi = {v € H(div,Q) : ve € [Px(E)]* VE € T}
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BDM;, family on triangular grids:

k>1: Qn:={qe*(Q): qr € Pw1(E)VE € Tn}
Vi = {v € H(div,Q) : ve € [Px(E)]* VE € T}

d.o.f. in Vj:
o/v-nqd( Vq € Py(e) V edge e in Tp,
e
o /Ev -gradq dE VgeP1(E) VEET,
o/Ev-curIde Vb€ Byt VE € Tp.
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We need to define:

e V) a finite dimensional space C V
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We need to define:
e V) a finite dimensional space C V

e Qp: a finite dimensional space C @
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We need to define:

e V) a finite dimensional space C V
e Qp: a finite dimensional space C @

e a bilinear form ap(-,-): Vo x Vp — R
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We need to define:

e V) a finite dimensional space C V

e Qp: a finite dimensional space C @

e a bilinear form ap(-,-): Vo x Vp — R
e a bilinear form bp(-,-): Vpx Qn — R
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We need to define:

e V) a finite dimensional space C V

e Qp: a finite dimensional space C @

e a bilinear form ap(-,-): Vo x Vp — R
e a bilinear form bp(-,-): Vpx Qn — R
e an element f, € V]

«O> «F>r A=) «=E)» El= QR



VEM-Approximation

We need to define:

e V,: a finite dimensional space C V

e (p: a finite dimensional space C @

e a bilinear form ap(-,-): Vo x Vp — R
e a bilinear form bp(-,-): Vpx Qn — R
e an element f, € V]

in such a way that the problem

find (up, pn) € Vi x Qp such that

{ ap(up, vh) — ba(Vh, pr) =0 Vvy € Vp,
bn(up, qn) = (fn, qn) Van € Qn,

has a unique solution, and optimal error estimates hold.
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k>1 — Qn:={q€ Qst qg €Pr1(E) for all element E € Tp}
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k>1 — Qn:={q€ Qst qg €Pr1(E) for all element E € Tp}

Vh:={v e Vst (v-n),. € Ple) for all edge e in Tp,
(divv)|g € Px_1(E) and (rotv)|g € Px_1(E) for all element E € Ty}
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k>1 — Qn:={q€ Qst qg €Pr1(E) for all element E € Tp}

Vh:={v e Vst (v-n),. € Ple) for all edge e in Tp,
(divv)|g € Px_1(E) and (rotv)|g € Px_1(E) for all element E € Ty}
d.of. in Vj:

o/v-nqdﬂ Vq € Py(e) V edge e in Tp,
e
. / v - gradq dE Vq € Pr_1(E) VE € Th,
E
o/ rotv g dE Vg€ Pr_1(E) VE € Tp.
E

«O» «Fr «=)r «E)» = LA



The d.o.f. are unisolvent
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pEQR — p€Qpas
/(p — pl)qk_ldE =0 VE € 771, Var_1 € Pk_l(E).
E

pI = Pf_lp := L% —projection onto P,_1(E) VE € Ty
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pPEQR — pr€Qyas
/(p — pl)qk_ldE =0 VE € 771, Var_1 € Pk_l(E).
E
pI = Pf_lp := L% —projection onto P,_1(E) VE € Ty

Ip — pillo.e < ChE |plie
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Interpolation in V}, and Qp

Let w € V (plus w € (L5(2))? for some s > 2, and also rotw € L}(E)).
Define its interpolant w; € V}, as:

. /(w—w,)-nqdﬁzO Vq € P(e) Y edge e in Tp,
e

. /(w—w,)-gradqu:O VqePk1(E) VE € Th,
E

. /rot(w—wl)qu—O VqePe1(E) VEET
E

w; exists and is unique.
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Moreover,
/ div(w — wy) gxk_1dE = —/(w —wy) - grad gx_1dE
E E

+ / (Ww—w;) ngx_1d?
OE

=0
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Moreover,
/ diV(W — WI) qk_ldE = — / (W — W/) . grad qk_ldE
E E

+ / (Ww—w;) ngx_1d?
OE

=0

Since divw; € Py_1(E) = divw, = Pf_ldiv w.
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Moreover,
/ diV(W — WI) qk_ldE = — / (W — W/) . grad qk_ldE
E E

+ / (Ww—w;) ngx_1d?
OE

=0
Since divw; € Py_1(E) = divw, = Pf_ldiv w.
Hence,
|divw — divwy|jo.e < C hE |divwl|x g
and

[w —willo.g < ChE™ Wiy e
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bp(v, q) = b(v,q) := Z / divwgdE ~ veE Vg€ Qp,
EeTy’E
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bh("a q) = b(V, q) = Z / dlvquE Ve Vha qc Qha
EeTy ' E
computable from the d.o.f.:

/divquE=—/v~gradqu+/ v-ngds
E E E
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bp(v, q) = b(v,q) := Z / divwgdE ~ veE Vg€ Qp,
EeTy’E

The bilinear form aj needs more care
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bp(v, q) = b(v,q) := Z / divwgdE ~ veE Vg€ Qp,
EeTy’E

The bilinear form aj needs more care
Note: on each element E, whenever u is of the form

u=Kgradgei1 with Geg1 € Pry,

then for every v € Vj g, we have

aE(ﬁ,v):/K_lﬁ-vdEz/grad6k+1-vdE
E E

= —/ Gr+1divv dE+/ Gis1v - nds=: at (U, v).
E OE
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bp(v, q) = b(v,q) := Z / divwgdE ~ veE Vg€ Qp,
EeTy’E

The bilinear form aj needs more care
Note: on each element E, whenever u is of the form

u=Kgradgei1 with Geg1 € Pry,

then for every v € Vj g, we have

aE(ﬁ,v):/K_lﬁ-vdEz/grad6k+1-vdE
E E
= —/ Gr+1divv dE+/ Gk+1V - nds=: a,’f_(ﬁ,v).
E OE

(computable from the d.o.f.)
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Define first, for each element E, the space

VE .= {V € Vg such that v =Kgrad gx,1 for some Gk i1 € Pry1(E)}-
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Define first, for each element E, the space
VE .= {V € Vg such that v =Kgrad gx,1 for some Gk i1 € Pry1(E)}-
Next: let ME : H(div; E) — VE be defined by:

AfF(v—Nfv,w)=0 vwe VE
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Define first, for each element E, the space
VE .= {V € Ve such that v =Kgrad gx,1 for some Gk i1 € Pry1(E)}-
Next: let ME : H(div; E) — VE be defined by:
AfF(v—Nfv,w)=0 vwe VE

(ﬁEv is computable from the d.o.f. of v)
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Define first, for each element E, the space
VE .= {V € Vg such that v =Kgrad gx,1 for some Gk i1 € Pry1(E)}-
Next: let ME : H(div; E) — VE be defined by:
AfF(v—Nfv,w)=0 vwe VE

af(u,v) = aE(NEu, MEv) + aE((1 — OE)u, (I — NE)v)
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The operator e
Define first, for each element E, the space
VE = {V € Vje such that v = Kgrad gy, 1 for some gk11 € Pyy1(E)}.
Next: let ME : H(div; E) — VE be defined by:
af(v—Tfv,w)=0 vwe VE
af(u,v) = aE(ﬁEu, ﬁEv) S S (= ﬁE)u, (1 — ﬁE)v)
Choose af(u,v) := af (MEu, NMEV) + SE((I — NE)u, (1 — NE)v)

SE(-,-) is any symmetric positive definite bilinear form that scales like
E

a-(+,-):

coaf(v,v) < SE(v,v) < ¢ af(v,v) VE € Tp,, W e VE .
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The operator e

Define first, for each element E, the space

VE.=[ve Vie such that v = Kgrad g1 for some Giy1 € Piy1(E)}.

Next: let ME : H(div; E) — VE be defined by:

AfF(v—Nfv,w)=0 vwe VE

af(u,v) = af (MEu, NEv) + 2E((/ — NE)u, (1 — NE)v)
Choose ~ af (u,v) := af(MFu, NEv) + SE((/ — NE)u, (1 — ME)v)

SE(-,-) is any symmetric positive definite bilinear form that scales like
E :
a ('a )

coaf(v,v) < SE(v,v) < g af(v,v) VE € Tp, W e VE .
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Symmetry of a, and stability give continuity:

aj; (u,v) < (af (u, w))2(af (v, v)/2 < a*(aF (u,u) 2 (a5 (v, v)) /2

< a* M|uljo.gllv]o,e
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Symmetry of a, and stability give continuity:

aj; (u,v) < (af (u, w))2(af (v, v)/2 < a*(aF (u,u) 2 (a5 (v, v)) /2

< a* M|uljo.gllv]o,e

Stability again implies

an(v,v) > a.alv||?, Yv eV,
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Continuity and ellipticity on the kernel

Symmetry of a, and stability give continuity:

aj; (u,v) < (af (u, w))2(af (v, v)/2 < a*(aF (u,u) 2 (a5 (v, v)) /2

< o M|ullo.ellv|o.e

Stability again implies
an(v,v) > a.alv||?, Yv € V,
Defining the discrete kernel
Kp:={vh € Vps. t. b(vp,qn) =0Vqn € Qp} = {vh € Vp s. t. divv, = 0},

we see that
KnCcK
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Continuity and ellipticity on the kernel

Symmetry of a, and stability give continuity:

aj; (u,v) < (af (u, w))2(af (v, v)/2 < a*(aF (u,u) 2 (a5 (v, v)) /2

< o M|ullo.ellv|o.e

Stability again implies
an(v,v) > a.alv||?, Yv € V,
Defining the discrete kernel
Kp:={vh € Vps. t. b(vp,qn) =0Vqn € Qp} = {vh € Vp s. t. divv, = 0},
we see that
KnCK

Hence,
an(v,v) > a.a|v|? Vv € Kp.
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We have the following results:

There exists a constant 3* > 0 independent of h such that:

Vq* € Qp, W}, € V}y such that divwy, = q* and B*||willv < 197 o-
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Inf-Sup condition

We have the following results:

Theorem
There exists a constant 3* > 0 independent of h such that:

Vq* € Qp, Iwj € V}y such that divwy = g* and 5*||willv < |l9%]o-

Proof: from the continuous Inf-Sup:
Vq* € Qn, Iw* € [H3(RQ)]? such that divw* = ¢* and S||w*|l1.0 < [l9"] o
Take the interpolant wj, that verifies

divwy = Pg,divw* = Pg,q" = q*

L+ Ch g
,3 Q

Iwillo < (1+ Ch)llw o <
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Convergence

Theorem
The discrete problem:

Find (up, pp) in Vi X Qp such that

ap(up,v) — b(v,pp) =0

b(us, q) = (f, q) Vg €

has a unique solution (up, pp). Moreover, for every approximation u; of u

that is piecewise in VE:
[|un — ul 2

Ipr = pallq

N

<

G (Jlu— wlliz + llu = urll2),

Vv eV,

Qn

Go(Jlu = unll2 + lu = a2,

where Cy, G, are constants independent of h.

Donatella Marini (Pavia)
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The following estimates hold:

lu—upllog < CHulkire  [ldiviu—up)lon < CH|Ifllka;

Ilpr—phlloe < CH Hullkrre  lIP—prllog < CA*(Ipllka+lullkg)-
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Numerical results

Mesh of squares: 4x4,8x8, ........,64x64
Exact solution: p = sin(2x) cos(3y)
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L2 _arror

L2 _orror
p—Ye
e

—— VEM1

107"
log h
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Numerical results

Voronoi polygons: 88, ........ , 7921
Exact solution: p = sin(2x) cos(3y)

triangle0.01 triangle0.0001
88 polygons, hmax =0.1741186, hmean =0.149291
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Numerical results

Mesh of distorted quads: 10x10, 20x20, 40x40
Exact solution: p = sin(2x) cos(3y)

quadrati-distorti-0.5-10x10 quadrati-distorti-0.5-40x40
100 polygons, h =0.234445, h =0.171046 1600 polygons, h__ =0.065760, h =0.043012

max ‘mean max

mean

V4
éﬂAvl A
N DU
S i PO AS
NPT SO
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2

lIp,~p, |l in L2

—6— VEM1
- _h|
- _h2

llo-I%, || in L?

107"

h!




Mesh of horses

: 4x4,8x8,10x10,16x16

(3y)

sin(2x) cos

Exact solution: p




L2
— inL .
PPyl llo-T%, || in L
2
R
/
R 2
///
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Other "crazy” grids
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Set op := pn — pi

v |03 < v a(Oh, 6n) < an(Sh, 6n) = an(ph, ) — an(pi, on)
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Set op := pn — pi

v |03 < v a(Oh, 6n) < an(Sh, 6n) = an(ph, ) — an(pi, on)
= (fa,n) = > _ af (P1, 6n)
E
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Set op := pn — pi

v |03 < e a(On, 0n) < an(Oh, 6n) = an(ph, n) — an(pi, On)
= (fa,0n) = > _ af (1, 6n)
E

= (f1:00) = (3 (p1 = prs ) + af (prs30))
E

n}
8]
i
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Set op := pn — pi

v |03 < e a(On, 0n) < an(Oh, 6n) = an(ph, n) — an(pi, On)
= (fa,0n) = > _ af (1, 6n)
E

= (f1:00) = (3 (p1 = prs ) + af (prs30))
E

= (fa00) = 3 (3 (p1 = prs ) + aE(prs30))
E

n}
8]
i
it
it
ut
S
¥l
i)



Set 0p := pn — pi

v |03 < e a(On, 0n) < an(Oh, 6n) = an(ph, n) — an(pi, On)

= (f, 0n) = >_ ak (p1,0h)
= (faon) = Y (oF E
= (i, 0n) — i (af
= (fon) — Y (o E

ap
E

(,DI — Pn, 6h) + aE(pm 5h)>

(P — px,0n) + a (pr, 5h)>

(P1 = prs80) + 3 (pr — p.04) ) — a(p, 1)

n}
8]
i
it
it
ut
S
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Set 0p := pn — pi

v |03 < e a(On, 0n) < an(Oh, 6n) = an(ph, n) — an(pi, On)

= (f, 0n) = >_ ak (p1,0h)
= (faon) = Y (oF E
= (i, 0n) — i (af
= (fon) — Y (o E

ap
E

(,DI — Pn, 6h) + QE(PW, 5h)>

(P — px,0n) + a (pr, 5h)>

= (fay0n) = ) (af
E

(P1 = prs80) + 3 (pr — p.04) ) — a(p, 1)

(P — Pr,0n) + a5 (pr — p, 5h)) — (f,6n)
R IRELREL fHao
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Proof of convergence
Set 0 1= pn — pi

e al|onlly < as a(Sh, 0n) < an(dh, 6n) = an(ph, On) — an(pr. on)
= (fp, 0n) — Zah (P, 0n)

= (fs00) = Y (3 (p1 = Pr, 1) + 2 (Pr, 1)
E
= (fs00) = Y (3 (p1 = Pr, 1) + 3 (Pr, 1)

E
= (fa6h) =Y <aE(PI — pry0n) + a5 (pr — p, 5h)) — a(p; 0n)
E
= (fa6h) — Y (aE(PI — Pry0n) + 35 (pr — p, 5h)) — (f,6n)
E
= (fo—F.00) =Y (35(/3/ — pry0n) + a5 (pr — u, 5h)>‘
E
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Consistency:

af (pk» qn) = aF (pk, MY qn) = a5 (MY qn, px) = & (pk, qn)

< backl «O0>» «Fr «Z» «
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Consistency:

af (pk» qn) = aF (pk, MY qn) = a5 (MY qn, px) = & (pk, qn)

Stability:

ak (an, an) < a5 (MY qn, MY qn) + c13®(qn — Ny qn, qn — N} q1)
= a%(qn, MY qn) + 12" (qn — MY g, qn) < o*a%(qn. gn)
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Consistency and Stability

an(pn, an) = a(NyY pp, MY qn) + S((1 = MY )ps, (I — 1Y ) qn)
Consistency:

af (px, qn) = at (pk, MY qn) = aF (MY qn, px) = aF (., qn)

Stability:

ak (an, an) < a5 (MY qn, MY qn) + c13®(qn — Ny qn, qn — N} q1)
= af(qn, MY qn) + c1a®(gn — MY qn, an) < a*af(qn, gn)

ak (qn, qn) > a5 (MY qn, Y qn) + c0a™(qn — MY qn, an — N} qn)
> a.(af(qn, MY qn) + a5(gn — TY qn, qn)) = a™(qn, qn)

Donatella Marini (Pavia) Mixed Virtual elements KAUST 2014 38 /41



Proof. On each element, let £ be the number of edges. Then,

dim Viye = (k + 1)0 + (@ 1)+ (@)

= (k+ 1)l + (K + k — 1) = #d.o.f.
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Proof. On each element, let £ be the number of edges. Then,

= (k+ 1)l + (K + k — 1) = #d.o.f.

Let v € Vj g verify

/v-nqkdézo /v-graqu_ldEzo /rotvqk_ldE:O
e E E
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Proof. On each element, let £ be the number of edges. Then,

= (k+ 1)+ (k* + k — 1) = #d.o.f.
Let v € Vj g verify
/v-nqkdfzo /v-graqu_ldEzo /rotvqk_ldE:O
e E E
Then,v-ne=0, divvg =0, rotveg =0 =
9y

v = curly, with Ay =0, E:o — Y =const. = v=20
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Consistency: VE € Tp,, Vi € VE, Vv € Vhie

af (@, v) = af (Nfu, NEv) = aF (OFu,v) = af (4, v)
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Consistency and stability of aj(-, -)

af (u,v) := af (NFu, NEv) + SE((/ — NE)u, (1 — NE)v)
Consistency: VE € Tp,, Vi € VE, Vv e VhiEe

af(ﬁ,v) = aE(ﬁEﬁ ﬁEv) = aE(ﬁEA

Stability: VE € Tp, Vv € Vg

ab(v,v) < af(MEv, MEv) + caf ((/

ne)
< max{1, c; }(af (MEv, NEv) + af ((/

<
—~~
-~
|
=)
m
~—
<
~

~

— NE)v, (1 = NE)v) = a*af (v, v)
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Consistency and stability of aj(-, -)

at(u,v) = af(MEu, NEv) + SE((1 — AE)u, (1 — NE)V)

Consistency: VE € Tp,, Vi € VE, Vv e ViiE

ab (@, v) = af (Nfa, NEv) = aF (NFu,v) = af (4, v)

Stability: VE € Tp, Vv € Vg
at(v,v) < af (MEv, MEv) + craf (1 — NF)v

(1 =TF)v)
< max{1, ¢ }(af (MEv, NEV) 4 aF (1 — TE)v, (

~

af (v,v) > af (NEv, NEv) + coaf ((/

—NE)v, (1 - TiFW)
> min{1, co}(af (MFv, NEv) + af (1 —

ME)v, (

-~
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Set 85 = up — u; and notice that divd, = 0. Hence, ap(up, d,) = 0.
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Set 85 = up — u; and notice that divd, = 0. Hence, ap(up, d,) = 0.

| 8pl[F2 < ca(8p, 8p) < an(dn, Op)
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Set 85 = up — u; and notice that divd, = 0. Hence, ap(up, d,) = 0.

.al|8p|[72 < ava(8p, 6h) < an(dh, 8n)
= ap(un, 65) — an(uy, 6p) = Z ah (uy, )

«O» «Fr «=)r «E)» = LA



Set 85 = up — u; and notice that divd, = 0. Hence, ap(up, d,) = 0.
a.al|dn]|7> < awa(dn, 64) < an(8h, 61)

= ap(un, 65) — an(uy, 6p) = Z ah (uy, )

= 5" (o (w — ur,64) + af (ur, 61))
E
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Set 85 = up — u; and notice that divd, = 0. Hence, ap(up, d,) = 0.

.al|8p|[72 < ava(8p, 6h) < an(dh, 8n)
= ap(un, 65) — an(uy, 6p) = Z ah (uy, )

= 5" (o (w — ur,64) + af (ur, 61))
E

- Z (a,’;:(u/ —uy,dp) + af (uy, 5h))
E
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Set 6, = up — u; and notice that div

= 0. Hence, ap(up, dp) = 0.
a*a||5h”1_2 < a,a(dp, 0p) < an(dp, dp)

= ap(un, 65) — an(uy, 6p) = Z ah (uy, )

- Z (3E(UI — Uy, 8p) + af (ug, 6,,))
E

— Z (a,’;:(u, — uy, 8p) + aF (un, 6;,))
E

E

_ Z (QE(UI — U, 0p) + aE(u7r —u, 6h)) — a(u, dp)

[= DA

u]
v
a
8]
i
it
-
it



Set 6, = up — u; and notice that div

= 0. Hence, ap(up, dp) = 0.
a*a||5h”1_2 < a,a(dp, 0p) < an(dp, dp)

= ap(un, 65) — an(uy, 6p) = Z ah (uy, )

- Z (3E(UI — Uy, 8p) + af (ug, 6,,))
E

— Z (af(u, — uy, 8p) + aF (un, 6;,))
E

E

_ Z <BE(UI — U, 0p) + aE(u7r —u, 6h)) — a(u, dp)

== (a/';:(u/ — U, 8p) + 2 (ur —u, 6”))'
E

[= DA

u]
v
a
8]
i
it
-
it



